In this paper, we prove that the squared norm of the second fundamental form for bi-slant submanifolds with any codimension of nearly trans-Sasakian manifolds is bounded below by the gradient of a warping function and also find the conditions on which the equality holds. Some related examples are also provided.
Introduction
In 1969, the idea of warped product manifolds was initiated by R.L. Bishop and B. O'Neil [1] with manifolds of negative curvature. These manifolds are natural generalizations of Riemannian product manifolds. This is an extremely interesting and innovative research topic for geometers. Several papers are available in literature. Many significant physical applications of warped product manifolds have been found (for example [2, 3] ). Geometers are attracted to work on warped product manifolds. On the other hand, B.-Y. Chen [4] has introduced the notion of a CR-warped product submanifold in a Kaehler manifold and established a general inequality for a CR-warped product submanifold in the same ambient manifold. He also has discussed the classification of CR-warped products in complex Euclidean [4] , complex projective and complex hyperbolic spaces [5] which satisfy the equality case of the derived inequality. Moreover, he has established many geometric inequalities for the second fundamental form for different warped product submanifolds of different ambient in terms of a warping function. Inspired by his work, many distinguished geometers have studied and obtained several sharp inequalities for warped product submanifolds in almost Hermitian manifolds and almost contact metric manifolds (see the monograph [6] and the references therein).
Our work is outlined as follows: In Sect. 2, we review some basic concepts and address the study of bi-slant submanifolds of nearly trans-Sasakian manifolds. In Sect. 3, we prepare lemmas to use in proving the main result of this paper. In Sect. 4, we define an orthonormal frame for warped product bi-slant submanifolds of an arbitrary nearly trans-Sasakian manifold and then we establish a sharp inequality for the second funda-mental form in terms of a warping function. The equality case is also discussed. Finally, in Sect. 5, we investigate the triviality of warped product bi-slant submanifolds in nearly trans-Sasakian manifolds and some non-trivial examples are also provided.
Nearly trans-Sasakian manifolds and their submanifolds
An odd dimensional smooth manifold M has an almost contact metric structure (ϕ, ξ , υ, g) if there exist on M a tensor field ϕ of type (1, 1), a structure vector field ξ , a dual 1-form υ, and a Riemannian metric g such that [7] 
for any X , Y ∈ (TM). An almost contact metric structure (ϕ, ξ , υ, g) on M is called a nearly trans-Sasakian structure [8] if
for some smooth functions λ and μ on M, and we say that the nearly trans-Sasakian structure is of type (λ, μ). The covariant derivative of the tensor field ϕ is given by
for any X , Y ∈ (TM).
Remark 1 A nearly trans-Sasakian structure of type (λ, μ) is (i) nearly Sasakian [9] , if λ = 1, μ = 0; (ii) nearly Kenmotsu [10] , if λ = 0, μ = 1; (iii) nearly cosymplectic [11] , if λ = μ = 0. Every Kenmotsu manifold is a nearly Kenmotsu manifold but the converse is not true. Also, a nearly Kenmotsu manifold is not a Sasakian manifold. On the other hand, every nearly Sasakian manifold with dimension greater than five is a Sasakian manifold.
We consider a Riemannian submanifold M isometrically immersed in an odd dimensional almost contact metric manifold (M, ϕ, ξ , υ, g) with induced metric g. We denote the Lie algebra of vector fields in M and the set of all vector fields normal to M by (TM) and (T ⊥ M), respectively. Let ∇ be the Levi-Civita connection on M and ∇ be the induced connection on M. Then the Gauss and Weingarten formulae are respectively given below [12] :
for any X , Y ∈ (TM) and V ∈ (T ⊥ M). Here ζ and are the bilinear symmetric second fundamental form of M in M and the shape operator of M, respectively. Both are related
We assume that dim(M) = m and dim(M) = 2n + 1. Let {E 1 , . . . , E m } be a local orthonormal frame of T ℘ M and {E m+1 , . . . , E 2n+1 } be a local orthonormal frame of T
. . , m}, r ∈ {m + 1, . . . , 2n + 1}, and
For any X ∈ (TM) and V ∈ (T ⊥ M), respectively, we put ϕX = PX + FX and ϕV = BV + CV, where PX and FX are the tangential and the normal components of ϕX , respectively. Similarly, BV and CV are the tangential and the normal components of ϕV, respectively. For their geometric relations, see [12] . For slant submanifolds, the following facts are known [14] :
for any X , Y ∈ (TM), where ϑ is the slant angle of M. There are some other important classes of submanifolds which are determined by the behavior of tangent bundle of the submanifold under the action of ϕ of M. A submanifold M of M is called [15, 16] : 
, then M is a CR-submanifold; (ii) when ϑ 1 = 0 and ϑ 2 = 0,
For a bi-slant submanifold M of an almost contact metric manifold (M, ϕ, ξ , υ, g), the normal bundle T ⊥ M is decomposed as
where ν is a ϕ-invariant normal subbundle of M.
Warped product bi-slant submanifolds
and (M 2 , g 2 ) be two Riemannian manifolds and h be a positive differentiable function on M 1 . Let : Here we define the notion of warped product bi-slant submanifolds of a nearly transSasakian manifold: Now, we recall the following general result for warped product manifolds:
with a warping function h, the following formulas hold: For a differentiable function h on a Riemannian manifold M of dimension n, the gradient of h, ∇h, is defined by
for any X ∈ (TM). As a consequence, we have ∇h
We consider the warped product bi-slant submanifold M = M 1 × h M 2 of a nearly trans-Sasakian manifold (M, ϕ, ξ , υ, g) such that the structure vector field ξ is tangent to M 1 . The following lemma plays a crucial role in our main result.
Lemma 2 Let
for X ∈ (TM 1 ) and Z ∈ (TM 2 ).
Proof The proof of assertion (i) follows from Lemma 3.1(i) in [18] . In order to prove assertion (ii), we consider
for X , Y ∈ (TM 1 ) and Z ∈ (TM 2 ). From (2) and Lemma 1(ii), we derive
This is assertion (ii). If we replace Z by PZ for Z ∈ (TM 2 ) and X by PX for X ∈ (TM 1 ) in assertion (ii), we can easily get assertions (iii) and (iv). Thus, assertion (v) can be obtained by replacing Z by PZ for Z ∈ (TM 2 ) and X by PX for X ∈ (TM 1 ) simultaneously in (ii). Now, consider for X , Y ∈ (TM 1 ) and Z ∈ (TM 2 ) we have
From (3), (2) , and Lemma 1(ii), we obtain
Again using (2), we derive g(PZ,
where we have used (3), (2), and Lemma 1(ii). Plugging (8) into (7), we have the following:
Also, we deduce
Replacing Z by PZ in (10), we get
Combining equations (10) and (11), we arrive at
Hence, (9) and (12) give assertion (vi). This completes the proof of our lemma. 
Bounds for the squared norm of the second fundamental form
(v) {E 2m , . . . , E 2n+1 } is a local orthonormal frame of ν. Now, we prove our main theorem of this paper. Proof The squared norm of the second fundamental form ζ is defined by
Theorem 1 Let
From the assumed frames, the above equation can be written as
Using the hypothesis and leaving the first term on the right-hand side of (17) to introduce the inequality, we obtain
Decomposing the above equation according to (5), we derive
Removing all the terms except for FD 2 -components, we arrive at
Thus, by using the orthonormal frame fields of D 1 , D 2 and FD 2 , the above inequality reduces to
Using Lemma 2, the hypothesis, and the fact that
we derive
In view of the assumed orthonormal frame, the 1-form υ(E i ) is identically zero for all i ∈ {1, . . . , 2a}, the above expression can be modified as
This is the required inequality (i). Now, we discuss the following cases: (a) For λ = 1 and μ = 0, we have
(b) For λ = 0 and μ = 1, we have
(c) For λ = 0 and μ = 0, we have
If the equality holds in (13) , then from (17) and the hypothesis of the theorem, we find that
and
Similarly, from (18), we get
Let ζ 2 be the second fundamental form of M 2 in M, then for any X ∈ (D 1 ) and
. Thus, we derive from Lemma 1(ii) and (6) 
By ( Remark 4 The purpose of taking ζ (D 2 , D 2 ) = 0 in Theorem 1 is to maintain the inequality and to get the required result when the equality holds in the derived inequality. One can obtain another inequality in Theorem 1 by assuming M is mixed totally geodesic.
Some geometric applications and examples
The Hamiltonian H in a local orthonormal frame at a point ℘ is defined by
An optimal inequality (13) in terms of the Hamiltonian of a warping function ln h at a point ℘ ∈ M takes the following form:
where we have used (24). Similarly, we can easily find inequalities (14) , (15) , and (16) in terms of the Hamiltonian of a warping function at a point ℘.
In the case of inequality, we prove the triviality of warped product bi-slant submanifolds, which is as follows. 
Theorem 2 On a compact oriented warped product bi-slant submanifold
From the integration theory on manifolds, we derive
On account of hypothesis (25), we find that M ∇ ln h 2 dV ≤ 0. From this, we say that We provide some non-trivial examples of nearly trans-Sasakian manifolds and their warped product bi-slant submanifolds.
We choose the vector fields
Let g be the Riemannian metric defined by Then we find that g(E i , E i ) = 1 and g(E i , E j ), ∀ i, j = 1, . . . , 7. Hence, {E 1 , . . . , E 7 } is an orthonormal basis. Thus, the 1-form υ is defined by υ(X ) = g(X , ξ ) for any X ∈ (TM). Now, we define the (1, 1)-tensor field ϕ as By using the Koszul formula for g, we calculate
∀i, j = 1, . . . , 6, i = j.
For any X , Y ∈ (TM), we have 
